In this paper, we propose an alternative approach to estimate long-term risk. Instead of using the static square root method, we use a dynamic approach based on volatility forecasting by non-linear models. We explore the possibility of improving the estimations by different models and distributions. By comparing the estimations of two risk measures, value at risk and expected shortfall, with different models and innovations at short, median and long-term horizon, we find out that the best model varies with the forecasting horizon and the generalized Pareto distribution gives the most conservative estimations with all the models at all the horizons. The empirical results show that the square root method underestimates risk at long horizon and our approach is more competitive for risk estimation at long term.
Introduction
Long-term risk is an important but usually undervalued domain of risk management. Although there are a lot of advantages to know long-term risk, there is little speaking and attention on it. The best known approach is the square root method (J. P. Morgan (1996) [21] ). Despite many criticisms and worries, this method has been widely used by practitioners and accepted by regulators 3 . However, the recent crisis, the sovereign problem and the international banking difficulties all evoke us to introspect current risk management methods. Why we were so vulnerable or less prepared when some incident trigger the problem? Were we too optimistic? In this paper, we try to answer the questions by studying the longterm risk using econometrics methodology. Concretely, we talk about which econometric model and risk measure outperforms among others from an econometric viewpoint. We will also explore whether the square root method leads to over-optimism and causes the fragile guard against the sudden arrival of crisis.
Instead of using the static approach, we choose to use a dynamic way to trace the underlying risk. We look at the dynamics of volatility. Therefore, the core problem is volatility forecasting. As soon as our main objective is long-term risk estimation, one big challenge is long-term volatility forecasting. To solve this problem, we put our hope on a widely explored phenomenon in financial assets, named long memory property in which the future observations are predictable by the observations in the past. This property has been well documented in hydrology, meteorology and geophysics (Beran (1994) [7] ). In finance field, Greene and Fielitz (1977) [16] noted the existence of long-term dependence and the non-normal behavior of stock return series; Aydogan and Booth (1988) [4] re-evaluated and extended the study by using a longer data set and the results supported Greene and Fielitz's findings; Ding, Engle and Granger (1993) [12] introduced a new model by investigating the long-memory property of S&P 500 stock returns; Ding and Granger (1996) [13] extended this work on modeling volatility persistence for various speculative returns. In the risk domain, Cornelis (2005) [11] pointed that ignoring the extreme events and long memory behavior leads to the failure of VaR. Kang and Yoon (2008) [20] concluded that the VaR performance with long memory model outperformed others. To our knowledge, however, there is no study on the estimation of longer horizon for VaR for more than several days using long memory methodology. We believe it is interesting to extend the previous works to risk estimation at longer time span. Then we study short, median, and long-term risk considering short and long-memory models. We find that the long-memory model outperforms the others at long term span.
Another interesting point in econometric modeling is the choice of the distribution for innovations. Most of the volatility models use Gaussian distribution, thus fail to capture the extreme events. This simple assumption generates error estimations for long-term risk management. Corneils (2005) [11] discussed this problem. Kang and Yoon (2008) [20] also proved the skewed t-Student distribution outperformed the widely used Gaussian distribution. We expect the extreme value distributions, such as Generalized Pareto Distribution (GPD), can improve the estimation of VaR (Guégan and Hassani (2011) [19] ). Therefore, we compare the estimations of each model with different distributions. Four distributions coming from three probability distribution families are considered in this paper, and the empirical results show that GPD improve the estimation of long term risks with all the models.
Since our object is risk measure, the criterion of the best option is decided by the performance of the risk measures which are obtained by the underlying model and distribution. The two risk measures we discussed in this paper are Value-at-Risk (Alexander, Frey and Embrechts (2005) [2] ) and Expected Shortfall (Rockafellar and Uryasev(2000) [23] ). The two risk measures are preferred by practitioners and recommended by regulators. They are also flexible with different models and distributions. To calculate the long-term VaR and ES, we follow the conventional notions. The difference between our approach and the square root method is that we compute the long-term VaR and ES using the aggregated losses simulated by the underlying model and distribution rather than simply scaling the one-day estimations to longer-term. By our method, we can capture the future dynamics of financial series. The empirical results support the fact that our methodology beats the square root method for long-term risk estimation on the basis of the results of the exceedance ratio test. Indeed, the square root method underestimates long-term risk. Long-memory models and extreme value distributions improve the results.
In the next section, we introduce the modeling and the two risk measures. Data are analyzed in section 3. The in-sample and out-of-sample analysis are exhibited in section 4 and 5. Remarks and conclusions of our study are given in section 6.
Modeling
We take two steps to obtain the risk measures at the given horizon. Firstly, we model the interested financial series, stock returns. Secondly, we compute the two risk measures, VaR and ES, using the aggregated returns (or losses) computed by the model in step one. We firstly introduce the modeling of returns, then the algorithm for risk measures at given horizon.
Modeling of Returns
The financial series studied in this paper are daily log-returns of equities, denoted {r 1 , r 2 , . . . , r n }. To model the series, we propose a general model which captures most of the properties of financial series: the k-factor GIGARCH Model (Guégan (2000[17] , 2003 [18] 
where r t are the observed returns, t are i.i.d. innovations which follow a given probability distribution, and B is the backward difference operator.
The k-factor GIGARCH Model (equation (1)) takes the long-memory property of financial series into account through parameters d L,i and d V,j ; it models the short-memory behavior with ARMA operators Φ L (B), Φ V (B), Ψ L (B) and Ψ V (B); the seasonality phenomenon with parameters ν L,i and ν V,j ; the asymmetric and fat-tail features by choosing a proper distribution of innovation t . In the empirical study, we use the following models which are particular case of the previous one:
GARCH :
The parameters p, P and Q are the number of the orders estimated using the AIC (Akaike (1974) [1] ) and BIC values (Schwarz (1978) [24] ); n is the sample size; u is the mean of returns; d is the longmemory parameter for volatility; φ 1 , φ 2 , . . . , φ p ; α 0 , α 1 , . . . , α P ; β 1 , β 2 , . . . , β Q are real numbers. The i.i.d innovations in equation (2) - (5) are usually assumed as Gaussian distribution. In this study we consider also Student distribution (Kang and Yoon (2008) [20] ), Normal Inverse Gaussian (NIG) distribution (Barndorff-Nielsen (1997) [6] ), and Generalized Pareto Distribution (GPD) (Embrechts et al (1997) [14] ). Assuming that we observe the returns {r 1 , . . . , r n }, we firstly estimate the long memory parameter d using the Whittle method (Palma (2007) [22] ), then we estimate the other parameters using the recursive estimation method (Chorro et al. (2010) [10] ).
Risk Measures
We describe now the two risk measures considered in this paper and explain how we compute them for the long-term. VaR of the portfolio during a period of T days at the given confidence level α ∈ (0, 1) 
Here X T denote the loss of the portfolio during T days since day t, which is obtained by summing the T days returns, {r t+1 , . . . , r t+T }, X T = T i=1 r t+i , where, T ∈ Z, r t = log Pt Pt−1 . P t are the observed close price on the market. We simulate N times the series {r t+1 , . . . , r t+T } in order to obtain a simulated sample of the T days loss of the portfolio, {X T,1 , . . . , X T,N }. The VaR at time T associated to this portfolio comes out to be the 1 − α quantile of the empirical distribution. Likewise, to get a risk measure at time T + h, we follow the same procedure, simulating N processes of the series {r 1 , . . . , r T +h } to get the empirical distribution of T + h days' return.
The second risk measure is the expected shortfall, named also conditional value at risk (CVaR), average value at risk (AVaR), and expected tail loss (ETL). It is an alternative risk measure to VaR which is considered as a more conservative risk measure and is a coherent risk measure (Artzner et al (1999) [3] ). It is equal to E(X|X > V aR α ). Given the empirical distribution of T days return of the portfolio, {X T,1 , . . . , X T,N }, the ES corresponds to the loss which is below the estimated VaR, where V aR α is estimated in previous step:
Data
The data used in this paper are the daily returns of the Standard and Poor's 500 Composite Index from 1 January 1990 to 31 December 2010. We take the first 16 years' data, from 1900 to 2005, as the in-sample data and the last 5 years' data, from 2006 to 2010, as the frame of reference to check our out-of-sample estimations ( Figure 1 ). There are totally 4715 in-sample daily data and 1304 out-of-sample daily data. 
Data Analysis
The returns we used in our study are the logarithmic returns converted by the daily close price: r t = ln( Figure 1 . We analyze the performance of the two risk measures on this tumultuous period. To start our analysis, we provide the statistics and tests for the in-sample data series in Table 1 Firstly, from the P-value of the variance ratio test and the statistics, we observe that the process is neither a white noise nor follows the Gaussian distribution. It means that the assumptions underlying the square-root method is not satisfied. Secondly, the P-value of ADF Test indicates that the data appear stationary. Thirdly, the P-value of ARCH test indicates that the volatility is not constant. Finally, the P-values of the Whittle tests show that there is no long-memory behavior inside the {r t } n t=1 process but there is significant long-memory behavior for the {r 2 t } n t=1 process.
Parameter Estimation
Based on the previous remarks, we now use the four models introduced in equations (2)- (5) with four distributions, the Normal, Student, NIG and GPD distributions, to model the returns and their volatilities, and to compute the two risk measures. To setup our study, we need firstly estimate the parameters of the sixteen models. The long-memory parameter d in volatility is estimated using the squared returns {r [10] . The estimations are given in Table B .3 -B.6.
In-Sample Results
In this section, we use the algorithm introduced in section 2 and parameters estimated in section 3 to simulate the distribution of aggregated returns in the short, median and long-term, and then compute the values of VaR and ES measures.
Firstly, we specify the notions of the short, median and long-term in our study. Intuitively, these notions should not be the same for all financial markets. They depend on the liquidity of the market. For stock market, where investment can change everyday, half a year is a long-term. Thus, we define the period less than 1 month as the short-term, 1 month to 3 months as the median-term, 6 months and longer as the long-term.
Accordingly, we compute and compare the estimations of VaR and ES by the models introduced in equations (2)- (5) and the Normal, Student, NIG and GPD distributions on the monthly, quarterly, and half a yearly horizons. Moreover, we compare our estimations with the square-root estimations using the criteria of exceedance ratio 5 .
Short-Term Estimation
We simulate the distribution of the future 30 days' returns from the 3rd January 1990 to the 21th November 2005. There are 4143 monthly returns 6 , and correspondingly we provide 4143 estimations of 5 The ratio is equal to the number of the losses that are bigger than the estimated VaR over the size of the estimations 6 We compute the 30 days' log-returns by the raw data. Figure 2 shows that the VaR estimated using the linear model fails to adjust correctly to the behavior of real data. The VaR estimations by the simulated distributions with the three non-linear models, however, provide results close to the changes of volatility. To make it clear and easy to compare the results of the three non-linear models, we plot the exceedance ratios in Figure 3 , where the exceedance ratio is equal to the number of losses which are bigger than the corresponding VaRs over the size of the data set. 
Median-Term Estimation
We do the same exercise for the 3-months horizon. There are 4083 quarterly returns, and correspondingly 4083 estimations of VaR and 4083 estimations of ES. Figure A.8 shows the exceedance ratio of the 7 From figure 3 , we observe the estimations with GPD innovations are much closer to the 45 degree line than with the other innovations. This result indicates that the aggregate losses simulated by the Normal, Student and NIG distribution fail to capture the 'true' downside possibility of aggregate returns in 1-month. 8 FigureA.5 displays a zoomed version of the exceedance ratio with GPD distribution. Comparing the exceedance ratios inside each sub-figure of figure 3 . We obtain that the biggest value of the risk estimations are given by FIGARCH model 9 Figure A.6 shows the exceedance ratio with each innovation and model using square root method. 10 All the points in Figure 4 are below the 45 degree line. 11 Among the four subfigures in Figure 4 , the points in the figure "ES 30−days of GPD Innovation" are closer to the 45 degree line than the points in the other figures. 12 In each subfigure in Figure 4 , the estimation with FIGARCH model is the point closest to the 45 degree line. 13 All the points in Figure A. 7 are above the 45 degree line. 14 . While, the estimation of VaR with FIGARCH model and GPD distribution has the exceedance ratio of 0.9% at the 95% confidence (1 − α = 5%). The estimation is good but could be too conservative for practitioners. Besides, we plot the 3-months ES by the dynamic approach and the square root method in Figure A. 10. The pattern of the diagrams is close to the 1-month estimations 15 .
Long-Term Estimation
For 6-month analysis, we have 4053 estimations of VaR and 4053 estimations of ES from the 3 January 1990 to 14 July 2005. The plots of the exceedance ratios in Figure A. 11 confirm the findings that we observed in the short-term and median-term analysis.
The trend is more significant at the longer horizon. Firstly, the exceedance ratio of V aR 6−months with NIG distribution at 95% confidence level are bigger than 50% with GARCH and IGARCH model. That is to say, if we use this innovation to estimate the half year VaR during the fifteen years, more than half chance, the VaR will fail. Secondly, although all the estimations of VaRs with GPD innovation largely improve the performance of the estimations of VaRs with the other distributions, the exceedance ratios are smaller than 0.5% at 95% and 99% confidence level (Figure A.12) indicating they are too conservative estimations. Figure A. 13 gives the estimation of ES 6−months and the average loss over the corresponding V aR 6−months . We observe the overestimations by the dynamic approach. But the square root ES with GPD innovations in Figure A .13 are close to the average loss over the corresponding V aR 6−months , which could be interesting for the practitioners.
Briefly, in this section, we compare the estimations of the two risk measures, VaR and ES, by the three dynamic models with the four distributions at the short-term, median-term and long-term horizons. The square root method causes underestimations of VaRs under all conditions. It gets worse on the longer time span. GPD distribution with the dynamic approach can improve the estimations of VaRs at all horizons with all models, but it becomes very conservative for long-term risk estimation. Moreover, FIGARCH model gives more conservative VaRs than the other two models. This is more significant at long-term. Furthermore, the square root method underestimate ES at the short-term and median-term horizon, but gives better estimations of ES at long-term in practice viewpoint. The dynamical ES are bigger than the 'true' average loss over VaR, but they are too conservative at the long-term horizon. The results for longer term, such as 1-year, 3-year, and 5-year are the same, so we do not repeat the analysis.
Out-of-Sample Results
In this section, using the same methodology as before, we estimate the monthly, quarterly, and semiannually VaR and ES. Assuming stationarity in the process, we use the previous simulated models. There are two differences comparing to the in-sample analysis. First, we do not move forward the start day of the estimations. Here, we only have one estimation of VaR and ES at a given horizon. It corresponds to the risk measures starting from the 1st January of 2006 to a given future time. Second, we forecast volatility to simulate the future returns.
Short-Term Forecasting
The estimatons of the 1-month VaR and ES are listed in Table 2 . To evaluate the results, we compare the value of the estimated VaR and ES with the observed losses and verify whether the out-of-sample estimations have the same futures of the in-sample results.
14 Except for GPD distribution, all the models with the other distributions underestimate the possibility of loss at 3-months horizon. Among the three non-linear model, FIGARCH gives the most conservative VaR. Moreover, the square root method underestimates the 3-months VaR under all the conditions. 15 The dynamic approach lead to overestimation, but the square root method lead to underestimations. The GPD distribution with the dynamic approach gives the best estimation and FIGARCH model with the dynamic approach gives the best estimaiton. The first monthly return of 2006 is positive. Since all the estimations in Table 2 are bigger than the real loss, there is no exceedance over the estimations. We conclude the short-term forecasting results in Figure 2 as follows:
1. The GPD innovation gives the biggest VaR and ES with all models. 2. IGARCH model gives more accurate volatility forecasting in the short-term 16 . 3. As we expected, ES is a more conservative risk measure than VaR 17 .
Besides, the estimations with Normal, Student and NIG distribution are closed to the squared root results, but the simulated VaR and ES with the GPD distribution are bigger than the square root VaR and ES with GPD distribution. This is also consistent with the in-sample results.
Median-Term Forecasting
We provide the estimations of the 3-months VaR and ES in Table B .7. The results are similar as the short-term estimations. Firstly, since the real return of the first quarter of 2006 is positive, there is no exceedance of all estimations. Secondly, GPD is still the distribution that gives the biggest value of VaR and ES with all models. The difference between the estimations with GPD and the other three distributions are much larger than the difference at the 1-month horizon. All the ES are bigger than the corresponding VaR. The mean square errors of the 3-month volatility forecasting in Table B .10 reveal that the IGARCH model gives the most accurate forecasts among the three non-linear models with all distributions at the 3-month horizon. Moreover, the differences between the square root results and the simulated results are the same as before.
Long-Term Forecasting
The characteristics observed in the short and median-term results are also exhibited with the 6-months' estimations in Table B .8. The values of the two risk measures by GPD distribution are bigger than the value estimated by the other distributions. This fact coincides with the in-sample results. The longer the forecasting horizon, the more conservative estimations obtained by GPD innovation. Moreover, the mean square errors of the volatility forecasting in Table B .10 at 6-months horizon show the IGARCH model is still the best option for volatility forecasting. But IGARCH model is a non-stationary model and has 16 The mean square errors of volatility forecasting in Table B .10 indicate that the 'best' volatility forecasting at 1-month horizon is given by IGARCH model with all the distributions. 17 The values of ES are bigger than the values of the corresponding VaR.
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no forecast ability in the long-term. The same remark works for the stationary short-memory GARCH models. Table B .10 shows that up from one year horizon, the forecast ability of FIGARCH outperforms the other models. This fact indicates that the FIGARCH model is a better choice for the assets in the less liquidity market with the 'long-term' when it is longer than one year. Besides, we perceive the same features by comparing the results with simulated approach and the square root approach.
Moreover, since the returns during the first 6 month of 2006 are mainly positive, it is difficult to distinguish the performance of the estimations using the monthly, quarterly and half yearly returns during this period (the 1st Jan. 2006 to 30th June 2006). The conservative risk measures such as the results with GPD innovation appear to be less interesting, but it is important to check the performance of the estimations during the period with big losses. In the out-of-sample data set, the biggest loss Table B .9. The results show that only the risk estimations with the GPD innovation can capture this extreme loss at the 3 years horizon, which means the estimated values are bigger than the aggregate loss 0.6126
19 . Besides, the FIGARCH model has more precise volatility forecasting and turns out to be a more interesting model for long-term estimations.
Conclusion
In summary, this empirical study gives us several interesting results. We comment them from the standpoint of risk measurement or risk management:
• First, the in-sample tests show that the traditional distributions applied in risk measurement fail to give good measures in short, median and long-term horizon. Gaussian innovation cannot even give good estimations for the in-sample daily risk measures. The estimations of the out-of-sample extreme loss (Table B. 9) show that only the extreme value distribution GPD can capture the extreme loss. All these results suggest that risk managers should leave the idealistic assumption of Gaussian innovation and is more realistic to use the more conservative assumptions in their analysis, especially for the long-term risk estimations.
• Second, the in-sample results disclose that FIGARCH model gives more conservative risk measures than the other two models with all distributions. Out-of-sample test shows that with FIGARCH model we have more accurate volatility forecasting in the long range (Table B. 10), whereas, the IGARCH model performs better during the horizon up to 6-month. These results imply that there is predictability of volatility with FIGARCH model when there is long-memory behavior in the volatility, and it is a better option for risk estimation at relative long time span. Moreover, the results also indicate that we should choose different models at different time span to improve the accuracy of the risk measures.
• Finally, we compare all the estimations using dynamic approaches with the estimations using the square root method. We detect the significant underestimation of the squared risk measures at all horizons. Even with the GPD distribution, the square root method yields significant underestimation for long-term risk. The results caution us the danger of applying the square root method without verifying the restrictive assumptions of the method.
In conclusion, we propose to use different non-linear models with Generalized Pareto distribution to estimate risks in different horizons. This approach emphasizes on the dynamics of the volatility. The empirical results show that the traditional distributions and the square root method underestimate the risks at all horizons. The GPD innovation improves the estimations at the short-term, provides good estimations at the median-term, and the most conservative estimations at the long-term. The FIGARCH model has the most conservative in-sample estimations and most accurate out-of-sample volatility forecasting in the long range. The FIGARCH model with GPD distribution can capture the extreme out-of-sample losses, and give better risk measures than the traditional approach. 
